In this paper we prove new modified Caccioppoli Inequalities for minimizers of anisotropic functiolas of calculus of variations.
Introduction
In this article we will study some properties of the minimizers of the functional
In particular we will prove that the minimizers of the functional (1) verify some energetic inequalities that we will call modified Cacciolloli inequalities. The study of this anisotropic of functionals has been introduced in [1, 9] , recently interesting results have been obtained on the boundedness of the minimizers of these functionals, refer to [1, 2, 3, 4, 5, 7] . At the moment, due to the knowledge of the author, no results are known about the continuity of the minima of the functional (1) . The inequalities we present could be a first step in this direction. In fact, the Caccioppoli inequalities are the first step both for the boundedness and for the continuity of minimizers of the scalar functionals of the calculus of variations, refer to [6] . In [3] , regularity results were achieved with stronger hypotheses on functional growth conditions. In [5] Cupini, Marcellini and Mascolo consider functional with the following growths
where g is a convex function and 1 ≤ p i ≤ q ≤p * , wherep denote the harmonic average of {p i },p < n andp * = np n−p
. The functionals studied in [5] are defined on the anisotropic spaces of Sobolev
introduced in [9] . In [7] , anisotropic Orlicz-Sobolev spaces
were introduced and studieddove, the functions g i are N-function, refer to [7] . Furthermore, in [7] a boundedness result was proved for functionals with the following growths
whereB denotes the Sobolev function associated with g i 's., refer to [1, 7] .
Hypothesis on functional growth conditions and main theorem
Hypothesis on functional growth conditions:
, m = min {p 1 , ..., p n } and M = max {p 1 , ..., p n };
3.a the functional (1) is defined on the Sobolev space W 1,(p 1 ,...,pn) (Ω).
Our main result is the following theorem:
is a minimizer of the funcional (1) with the hipothesis (1.a), (2.a) and (3.a) then for every γ ≥ 1 there exist tre a positive costans C 1 , C 2 and C 3 , depending only on γ, m and M such that for every x 0 ∈ Ω the following Modified Caccioppoli Inequalities hold
and
∂Ω)} and where
and V is defined by
To prove the previous Theorem 1 we will use the following propositions
In particular, we see
for L 1 a.e. r > 0.
Proposition 3 Let (k, ·) be a non negative bounded function defined on [ , R] with > 0. Suppose that for all t, s with ≤ t < s ≤ R we have
where c > 0 is a constant depending only on θ, A and M = max {p 1 , ..., p n }.
Proof. Let us consider the sequence {t j } defined by
where λ ∈ (0, 1) to be fix later. We get
If we choose λ such that θλ
Proof of the main Theorem (Thoerem 1)
Since u ∈ W 1,(p 1 ,...,pn) (Ω) is a minimizer of the functional (1) then u is a solution of
for every ϕ ∈ W 1,(g 1 ,...,gn) 0 [1, 7] , then the function ϕ = η 2 (u − k) γ + , with γ ≥ 1, is a test function and we get
By using the properties of η we get
Using Young's inequality it follows
From inequalities (10) and (11) we have
where m = min {p 1 , ..., p n }. Adding to both terms of the inequality (12) the
From the Proposition 3 we get [1, 7] , then the function ϕ = η 2 V γ , with γ ≥ 1, is a test function and we get
where h,k, = B (x 0 ) ∩ {h < u < k} and A h, = B (x 0 ) ∩ {u > h}.By using the properties of η we get
From inequalities (14) and (15) we have
Adding to both terms of the inequality (16) the quantity
From the Proposition 3 we get min {1, dist (x 0 , ∂Ω)}, since u ∈ L ∞ loc (Ω) , refer to [1, 7] , then the function ϕ = η 2 (u − k) γ + , with γ ≥ 1, is a test function and we get
p i |∂ i u| p i −1 dL n then, for τ → R and unsing Proposition 2, we have
